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Abstract

A linear perturbation method is used to solve two-dimensional heat conduction problem in which a liquid becomes solidified by heat transfer
to a plane mold of finite thickness. Heat flux drawn from the lower surface of the mold is approximately uniform, but contains a small sinusoidal
perturbation in one space dimension. Numerical results are obtained for the consequent sinusoidal perturbation in the solid/melt boundary as
a function of time. Analytical results are obtained for the limiting case in which diffusivities of the solidified shell and the mold materials are
infinitely large. These results are then compared with the numerical predictions to establish the validity of the model and the numerical approach.
The results document the effects of both solidified shell and the mold material diffusivities on the growth of a perturbation in a nominally plane
solidification front. It is demonstrated that the magnitude of this perturbation increases with the diffusivity of the mold, and this effect of mold
diffusivity is overweighed by the diffusivity of the casting material. The influence of other process parameters such as the mold thickness, thermal
contact resistance at the mold–shell interface, and thermal conductivity ratio on the growth of solidified shell thickness is also investigated in
detail.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Problems of heat transfer accompanied by a phase change
(Stefan problems) are encountered in many areas of applied sci-
ence such as the process of casting, recrystallization of metals,
welding, evaporation of droplets, oxygen diffusion problems,
and the formation of ice [1]. The complexity of these problems
is due to the nonlinear boundary conditions at the solid/melt
moving interface. Solution of the Stefan problems requires si-
multaneous determination of the shape and the motion of this
moving front along with the temperature fields in the solidified
shell and the mold. Exact solutions for the Stefan problems are
known only in a few special cases [2,3]. Neumann’s solution to
the one-dimensional problem of solidification in a semi-infinite
region is one of the most well-known exact solutions. Approx-
imate analytical solutions have been obtained by a variety of
techniques, such as the use of the heat balance [4–6] and cou-
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pled integral equation methods [7,8]. Many problems have also
been investigated with numerical methods, notably the finite
difference [9,10] and finite element methods [11,12]. Pertur-
bation methods have also been successfully applied to Stefan
problems with simple boundary conditions in different geome-
tries. The perturbation solutions for the planar solidification of
a saturated liquid with convection at the wall has been found
by Pedroso and Domoto [13]. On the other hand, Pedroso and
Domoto [14], and Stephan and Holzknecht [15] have found
the perturbation solutions for outward spherical and cylindri-
cal solidifications. Caldwell and Kwan [16] have developed
the perturbation methods for the phase change problems with
time-dependent boundary conditions. Yang et al. [17] have been
solved a one-dimensional solidification problem in a finite do-
main using perturbation methods with the Stefan number as the
small parameter. Charach et al. [18] developed a perturbation
method for the analysis of weakly nonlinear Stefan problems
with time-dependent temperature boundary conditions. A reg-
ular perturbation analysis of the one-phase problem for con-
vective and radiative cooling has been carried out by Yang and
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Nomenclature

h mold thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
K conductivity . . . . . . . . . . . . . . . . . . . . . . . . . . W/m ◦C
L latent heat of fusion . . . . . . . . . . . . . . . . . . . . . Ws/kg
m 2π/λ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1/m
R0 thermal contact resistance . . . . . . . . . . . . . ◦C m2/W
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ◦C
Tm melting temperature . . . . . . . . . . . . . . . . . . . . . . . . ◦C
f0 initial mold temperature . . . . . . . . . . . . . . . . . . . . . ◦C
s solidified shell thickness . . . . . . . . . . . . . . . . . . . . . m
Q heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W/m2

x, y Cartesian coordinates
Y dimensionless Cartesian coordinate
S dimensionless solidification front
H dimensionless mold thickness
T̄ dimensionless temperature
Q̄ dimensionless heat flux
R dimensionless thermal contact resistance
N number of node elements

Subscripts

0, 1 zeroth and first order, respectively

Superscripts

c, d shell and mold materials, respectively

Greek symbols

α diffusivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2/s
ε1, ε2 dimensionless specific heats of shell and mold ma-

terials, respectively
λ wavelength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg/m3

β dimensionless time
ζ dimensionless conductivity ratio between the shell

and mold materials
δ space step size
τ time increment
Δ dimensionless parameter defined by Eq. (50)
Huang [19]. Significant progress for the two-phase problem in
a finite domain reported by Weinbaum and Jiji [20]. Kharche
and Howarth [21] considered the inward solidification of liq-
uid cylinders whose boundary values vary slightly with position
axially and periodically along the cylinder. They used a linear
perturbation method in their solutions. They also investigated a
related problem [22], where the boundary profile of the cylinder
geometry itself instead of boundary temperature (or heat flux)
assumed to vary slightly and periodically with the axial coor-
dinate. Very recently, Yigit [23] applied a linear perturbation
technique to solve a two-dimensional heat conduction problem
in which a liquid, becomes solidified by heat transfer to a sinu-
soidal mold with a finite thickness. Unlike the present model,
the heat flux drawn from the bottom of the mold was assumed to
be uniform and constant. The effect of mold surface wavelength
on the growth of the shell for different shell–mold systems was
investigated.

As far as melting and solidification problems with grid
movements are concerned, comprehensive reviews are available
in the literature [24–26]. Caldwell and Kwan [24] described
and compared several effective methods for the numerical so-
lution of one-dimensional Stefan problems. Javierre et al. [25]
provided a comparison of several numerical methods such as
moving grid, the level set, and the phase field to address the
suitability of the methodologies. Jana et al. [26] developed a nu-
merical methodology based on the curvilinear, boundary-fitted,
finite-volume method for solidification and melting problems
for pure substances.

In the casting processes, solidification is affected by heat
transfer from melt through the mold to the surroundings. The
process therefore generally starts at the mold surface and a shell
of solidified material grows from this surface towards the cen-
ter of the casting. The growth of this shell is often found to be
nonuniform [27], even in nominally one-dimensional plane cast
surface. This nonuniform shell growth could be a response to a
pre-existing nonuniformity in the heat flux drawn from the mold
surface. Small spatial perturbations in heat extraction, resulting
from oxide films carried on the molten material surface, isolated
impurities, or mold surface topography, for example, can lead to
shell growth instability during solidification of metals [27]. This
is a condition where shell distortion promotes gap nucleation
beneath the thinnest regions of the shell while simultaneously
enhancing heat extraction beneath the thickest regions of the
shell due to improved contact. If solidification process is inter-
rupted, periodic thickness nonuniformities at the freezing front
are often observed that can have wavelengths of order of several
centimeters [28]. If solidification is allowed to proceed, how-
ever, the nonuniformities tend to die out as the freezing front
morphology becomes less dependent upon the mold–shell inter-
face due to ever-thickening shell. When the completed casting
is sectioned, periodic undulation of the casting microstructure is
often observed [28]. Such microstructures are often detrimental
to subsequent forming processes and have been linked to se-
vere ingot cracking. It should be however noted that the heat
flux itself is also influenced by the contact conditions between
the shell and the mold. Thus, it is possible that a small spatial
perturbation in the heat flux could be unstable due to thermome-
chanical coupling. Instabilities of this kind have already been
reported in many experimental and theoretical studies [29,30].
Theoretical models of the proposed growth instability mecha-
nism during solidification of pure metals have been presented
by Richmond et al. [31], Li and Barber [32], and later extended
by Yigit and Hector [33,34], Hector et al. [35], and Yigit [36].

Each of the previous theoretical growth instability models
neglect either the thermal properties of the mold completely or
the thermal capacitance of the solidifying shell material. None
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of the studies except [23] cited above examined the combined
effects of nonzero thermal capacities of the shell and mold
materials. This paper seeks to enhance our knowledge about
the effects of these two important thermal properties on the
growth instability observed in many casting processes using a
specifically designed heat conduction model. In particular, it ad-
dresses the interaction of these parameters against each other,
and extends earlier investigations to determine process para-
meters which are most favored for growth instability. Thus, it
can be considered as a first step to obtain a complete thermo-
mechanical model for the aforementioned instability mecha-
nism. The present heat conduction model can be combined to
a thermo-elastic deformation model to determine the develop-
ment of the residual stresses and the contact pressure to ex-
amine the stability of thermoelastic contact problem since the
perturbation method described here provides stability criterion
which models the physics of the growing solid and its deforma-
tion. Earlier models of solidification thermo-mechanics suggest
that growth instability can be minimized or completely avoided
by a careful choice of process parameters such as the shell and
mold materials Stefan number, conductivity ratios, the mold
thickness, and wavelength of the cooling profile. The suggested
model in the present work enable us to investigate how the vari-
ation of heat flux might affect the solidification rate and the
thickness nonuniformity. For this purpose, a numerical solution
is developed for a specifically designed heat conduction model
where one-dimensional solidification is perturbed by the super-
position of a small spatial sinusoidal variation in heat flux. In
particular, we obtain solutions for the temperature fields in the
shell and the mold, and the advance of the solid/melt boundary.
Once the temperature fields are known, the thermoelastic stress
fields can then be determined following the same perturbation
approach outlined in [37]. We also briefly discuss the effect of
thermal diffusivities of the solidified shell and the mold mate-
rials, the mold thickness, the thermal contact resistance at the
solid-shell interface, and the thermal conductivity ratio on the
growth of solidified shell thickness.

2. Mathematical formulation

We consider the two-dimensional problem of a liquid ini-
tially at its melting temperature Tm, in contact with a mold of
thickness h. The present model is restricted to the solidification
of pure materials. Therefore, there is no mushy zone between
liquid and solid phases, and the solidification occurs at a distinct
temperature rather than over a range of temperatures. The liquid
phase being at the uniform melting temperature Tm throughout,
there is no heat transfer through it; the heat released during so-
lidification process is transferred into the mold, and raises its
temperature. Solidification starts by the formation of a shell
adjacent to the shell–mold interface, since this is the coolest
part of the liquid mass. Subsequent cooling requires that heat
be conducted through this layer and across the shell–mold in-
terface. Hence, temperature distributions are unknowns only in
the solidified shell and the mold. After a time t , the liquid solid-
ified near the mold forms a solid shell thickness s(x, t). Thus,
s(x, t) defines the moving interface between the solid and liq-
Fig. 1. Geometry of nonuniform unidirectional solidification.

uid phases as shown in Fig. 1. We assume that densities ρc, ρd ,
thermal diffusivities αc , αd , and conductivities Kc , Kd of the
solid phase and the mold are constant and independent of tem-
perature and time. The temperature of the solidified shell and
the mold T c(x, y, t), T d(x, y, t) must satisfy the heat conduc-
tion equations:

∇2T c(x, y, t) = 1

αc

∂T c

∂t
(x, y, t)

∇2T d(x, y, t) = 1

αd

∂T d

∂t
(x, y, t), t > 0 (1)

which are subject to the following boundary conditions:

T c(x, s, t) = Tm (2)

Kc ∂T c

∂y
(x, s, t) = Lcρc ∂s

∂t
(x, t) (3)

Kc ∂T c

∂y
(x,0, t) = Kd ∂T d

∂y
(x,0, t) (4)

Kc ∂T c

∂y
(x,0, t) = 1

R0

[
T c(x,0, t) − T d(x,0, t)

]
(5)

Kd ∂T d

∂y
(x,−h, t) = Q(x) (6)

where Lc is the latent heat of fusion of the solidified material
and R0 is the thermal contact resistance at the mold/solid inter-
face.

Eq. (2) states that the freezing front is isothermal at the fu-
sion temperature, while (3) defines an energy balance between
the heat conducted away from the moving interface into the so-
lidified shell and the latent heat released during solidification.
Eq. (4) states that heat flux from the casting to the mold must
be continuous. Heat flux from the casting to the mold is mod-
eled by a thermal contact resistance R0, as described by the
boundary condition (5), due to the presence of air gaps and/or
inclusions of materials of poor conductivity at the mold–shell
interface. Finally, Eq. (6) prescribes heat flux drawn from the
lower surface of the mold.

3. The perturbation analysis

If the mold is at uniform temperature, there is clearly a
one-dimensional solution to the problem described above, in
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which the solidification front at any given time is defined by the
straight line y = s0(t) and all physical quantities are functions
of y, t , but are independent of x. If an x-dependent perturba-
tion is to grow on this unperturbed or ‘zeroth order’ process,
its development will be influenced by the instantaneous zeroth
order quantities. As long as the perturbation is small compared
with the zeroth order values, the perturbation will be linear, and
permits us to use Fourier transformation in x. This has the ef-
fect of reducing the dimensionality of the problem. Since the
zeroth and first order problems involve fields varying in only
one spatial dimension and time, they are considerably easier to
implement and more efficient computationally than a full two-
dimensional numerical solution of the solidification problem.
When the thermal stresses are combined into the heat conduc-
tion problem introduced above, essentially, we have to solve a
nonlinear problem in y, t to determine the zeroth order solution,
after which perturbation problem will define a linear problem in
y, t , defined by differential equations with variable coefficients,
these being derived by perturbation of the zeroth order equa-
tions. Since the nonlinearity of the problem is confined to the
zeroth order process, which therefore generally requires a nu-
merical solution, no extra difficulty will be introduced by using
a fully nonlinear constitutive law for the material deformation.

The rate of solidification of metals and the resulting proper-
ties of the cast product are largely controlled by the physics of
the mold–shell interface. In particular, the interfacial heat flux
is strongly moderated by contraction of the casting at the mold–
shell interface which leads to local air gaps. Consequently, the
local heat flux across the gaps becomes distorted since sig-
nificant heat flow occurs through the solid–solid contacts in
comparison to that across the gaps. Additionally, the mold sur-
face might be imperfectly wetted because of surface tension in
the molten metal, and therefore solid skin nucleation begins at
asperity peaks with micro-air gaps between peaks. This action
prevents heat from being extracted uniformly. Experimental ob-
servations (see, for example, Fig. 1 of Ref. [28]) indicate that
the development of solidification front exhibits sinusoidal per-
turbations. It is anticipated that this nonuniform shell growth
could be a response to a pre-existing nonuniformity in the heat
flux drawn from the mold surface. A suitable idealized assump-
tion for this purpose is that both the zeroth and first order heat
fluxes at the bottom of the mold surface are prescribed to be
constants, Q0, Q1 respectively, instead of being determined by
the interaction between contact pressure and thermal contact
resistance. In fact, this assumption is not very unrealistic partic-
ularly for the early times of the process in view of the fact that
a strong coupling between the thermal and mechanical fields
will be developed at later stages of the solidification (see, for
example, [33,34,37]).

We therefore consider the case in which the prescribed heat
flux from the lower surface of the mold is of the form

Q(x) = Q0 + Q1 cos(mx), y = −h (7)

where Q0 and Q1 are time-independent constants representing
the uniform heat flux and the heat flux perturbation, respec-
tively. The constant m is the wave number that defines the
wavelength λ of the perturbation through
λ = 2π/m (8)

The perturbation is assumed to be sufficiently small for the cor-
responding two-dimensional problem that will be solved by a
linear perturbation of the zeroth-order solution. Since the per-
turbation is small, we have Q1 � Q0 and similar inequalities
for all the field quantities. As a result of the perturbation we
anticipate a corresponding small sinusoidal perturbation in the
temperature field and in the solidification front that can be de-
fined by

T i(x, y, t) = T i
0 (y, t) + T i

1 (y, t) cos(mx)

T i
1 (y, t) � T i

0 (y, t) (i = c, d) (9)

s(x, t) = s0(t) + s1(t) cos(mx), s1(t) � s0(t) (10)

Notice that temperatures depend on y and t only. Suffix 0 refers
to the x-independent zeroth order process, and the problem has
a simple one-dimensional solution which is called the “zeroth-
order” solution. However, suffix 1 refers to the amplitude of the
sinusoidal perturbation or first order process. It is assumed that
the amplitude of this perturbation is small in comparison with
its wavelength (i.e., ms1(t) � 1), in which case the slope of
the moving front, ∂s/∂x, is very much less than unity. It then
follows that the heat flux in the x-direction is negligible to the
first order.

Substituting Eq. (9) into Eq. (1) and separating periodic and
uniform terms in x, we obtain

∂2T c
0

∂y2
(y, t) = 1

αc

∂T c
0

∂t
(y, t)

∂2T d
0

∂y2
(y, t) = 1

αd

∂T d
0

∂t
(y, t) (11)

∂2T c
1

∂y2
(y, t) − m2T c

1 (y, t) = 1

αc

∂T c
1

∂t
(y, t)

∂2T d
1

∂y2
(y, t) − m2T d

1 (y, t) = 1

αd

∂T d
1

∂t
(y, t) (12)

Since the perturbation is small, we can expand the temperature
field in the vicinity of the mean solid/melt interface position,
y = s0(t), in the form of a Taylor series, in which case boundary
condition (2) can be written as

T c
0 (s0, t) + ∂T c

0 (s0, t)

∂y
s1(t) cos(mx)

+ ∂2T c
0 (s0, t)

∂y2

s2
1 cos2(mx)

2!
+

[
T c

1 (s0, t) + ∂T c
1 (s0, t)

∂y
s1(t) cos(mx) + · · ·

]

× cos(mx) = Tm (13)

Separating periodic and uniform terms and dropping second
and higher order and product terms in the small quantities, T1
and s1 (i.e., the third and the fifth terms from the left in Eq. (13)
can be neglected), we obtain the two first order equations

T c
0 (s0, t) = Tm (14)

s1(t)
∂T c

0 (s0, t) + T c
1 (s0, t) = 0 (15)
∂y
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A similar procedure applied to the boundary condition (3) also
yields the two equations

Lcρc ds0(t)

dt
= Kc

∂T c
0

∂y
(s0, t) (16)

Lcρc ds1(t)

dt
= Kc

[
∂T c

1 (s0, t)

∂y
+ s1(t)

∂2T c
0 (s0, t)

∂y2

]
(17)

The solid/mold boundary conditions (4) and (5) give

Kc
∂T c

0

∂y
(0, t) = Kd

∂T d
0

∂y
(0, t) (18)

Kc ∂T c
1

∂y
(0, t) = Kd ∂T d

1

∂y
(0, t) (19)

R0K
c
∂T c

0

∂y
(0, t) = T c

0 (0, t) − T d
0 (0, t) (20)

R0K
c ∂T c

1

∂y
(0, t) = T c

1 (0, t) − T d
1 (0, t) (21)

Finally, the boundary condition (6) at the bottom of the mold
gives the two equations

Kd
∂T d

0

∂y
(−h, t) = Q0 (22)

Kd ∂T d
1

∂y
(−h, t) = Q1 (23)

Notice that the zeroth order boundary conditions are identical to
that for the unperturbed problem, whereas that for the first order
includes terms derived from the zeroth order solution. This is
typical of the procedure and permits the two problems to be
solved sequentially.

4. Dimensionless formulation

Before proceeding to the solution, it is convenient to intro-
duce the following dimensionless variables

Y = my, S(β) = ms(t), H = mh

β = m2 Kc(Tm − f0)

ρcLc
t, T̄ (Y,β) = T (y, t) − f0

Tm − f0

Q̄ = Q

mKc(Tm − f0)
, R = mKcR0, ζ = Kc

Kd

ε1 = Kc(Tm − f0)

αcρcLc
, ε2 = Kc(Tm − f0)

αdρcLc
(24)

The governing equations (11) and (12) for T̄ c
0 (Y,β), T̄ d

0 (Y,β)

and T̄ c
1 (Y,β), T̄ d

1 (Y,β) then become

∂2T̄ c
0 (Y,β)

∂Y 2
= ε1

∂T̄ c
0 (Y,β)

∂β

∂2T̄ d
0 (Y,β)

∂Y 2
= ε2

∂T̄ d
0 (Y,β)

∂β
(25)

∂2T̄ c
1 (Y,β)

∂Y 2
− T̄ c

1 (Y,β) = ε1
∂T̄ c

1 (Y,β)

∂β

∂2T̄ d
1 (Y,β)

2
− T̄ d

1 (Y,β) = ε2
∂T̄ d

1 (Y,β)
(26)
∂Y ∂β
The dimensionless boundary conditions corresponding to the
zeroth order temperature fields T̄ c

0 (Y,β) and T̄ d
0 (Y,β) can be

obtained using Eqs. (14), (16), (18), (20), (22) as follows:

T̄ c
0 (S0, β) = 1 (27)

dS0(β)

dβ
= ∂T̄ c

0 (S0, β)

∂Y
(28)

R
∂T̄ c

0 (0, β)

∂Y
= T̄ c

0 (0, β) − T̄ d
0 (0, β) (29)

R
∂T̄ d

0 (0, β)

∂Y
= ζ

{
T̄ c

0 (0, β) − T̄ d
0 (0, β)

}
(30)

∂T̄ d
0 (−H0, β)

∂Y
= ζ Q̄0 (31)

The dimensionless boundary conditions corresponding to the
first order temperature fields T̄ c

1 (Y,β) and T̄ d
1 (Y,β) can be de-

termined using Eqs. (15), (17), (19), (21), (23) as follows:

S1(β)
∂T̄ c

0 (S0, β)

∂Y
+ T̄ c

1 (S0, β) = 0 (32)

dS1(β)

dβ
= ∂T̄ c

1 (S0, β)

∂Y
+ S1(β)

∂2T̄ c
0 (S0, β)

∂Y 2
(33)

∂T̄ c
1 (0, β)

∂Y
= 1

R

{
T̄ c

1 (0, β) − T̄ d
1 (0, β)

}
(34)

∂T̄ d
1 (0, β)

∂Y
= ζ

R

{
T̄ c

1 (0, β) − T̄ d
1 (0, β)

}
(35)

∂T̄ d
1 (−H,β)

∂Y
= ζ Q̄1 (36)

Thus, the problem is reduced to the determination of three
pairs of functions T̄ c

0 (Y,β), T̄ d
0 (Y,β), S0(β) and T̄ c

1 (Y,β),
T̄ d

1 (Y,β), S1(β) in Eqs. (25) and (26), which satisfy the bound-
ary conditions (27)–(31) and (32)–(36), respectively.

5. Preview of the algorithm

Eqs. (25) and (26) with boundary conditions in (27)–(31)
and (32)–(36) cannot be solved in closed form, and therefore
we must resort to a numerical solution.

In the present work, an explicit finite difference Lagrangian
scheme has been implemented. In this case, the zeroth-order
solid phase 0 < Y < S0(t), is divided into a fixed number of
elements N , so the space step size, δ = S0/N , increases with
time due to the growth in S0(t). This permits the last node to
be identified with the zeroth-order solid–liquid moving front
at all times, but implies that the node locations move in time,
necessitating the inclusion of convective terms in the updat-
ing algorithm for temperature. Thus, for example, the instan-
taneous zeroth-order solidified layer temperature field is repre-
sented by the temperatures at the N + 1 points Y = (i − 1)δ,
i = 1,2, . . . ,N + 1. The increase of the shell thickness S0 dur-
ing the next time increment τ is determined from the finite
difference formulation of Eq. (28).

S
j+1
0 = S

j

0 + τ (
3T̄

j

0 − 4T̄
j

0 + T̄
j

0

)
(37)
2δ N+1 N N−1
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after which the solidified layer temperatures at the interior
nodes i = 2,3, . . . ,N are updated using the finite difference
form of heat conduction equation (25)

T̄
j+1
0i

= T̄
j

0i
+ τ

ε1δ2

(
T̄

j

0i+1
− 2T̄

j

0i
+ T̄

j

0i−1

)
i = 2,3, . . . ,N (38)

which can be corrected using convective terms through

T̄
j+1
0i

= T̄
j+1
0i

+ (i − 1)
δj+1 − δj

δj

(
T̄

j+1
0i+1

− T̄
j+1
0i

)
i = 2,3, . . . ,N (39)

The solidified layer temperatures at node N +1 remain at a con-
stant value for all times in view of Eq. (27) and that at node 1
is updated through (29), which determines the first difference
in the first element. Essentially, the same procedure is used to
determine the evolution of the first-order solidified layer tem-
perature field, using Eqs. (32)–(36).

The choice of an appropriate value for τ is motivated by the
desire for computational efficiency, while retaining acceptable
numerical convergence and stability. Extensive investigations
were made into the effect of both space and time discretiza-
tion to ensure that the final results are reliable. With the explicit
scheme used here, the maximum time step for stability is pro-
portional to ε1δ

2 and hence the stability requirement generally
places a restriction on τ when good spatial accuracy is desired,
necessitating very small values of δ. When the specific heats of
the shell and mold materials are both considered in the model
numerical stability of the scheme is satisfied if

τ

ε1δ2
< 0.5,

τ

ε2δ
2
d

< 0.5 (40)

where δd and ε2 are the space step size in the mold and the di-
mensionless specific heat of the mold material, respectively. At
the beginning of the process, the solidified shell thickness and δ

are very small, and therefore we need an extremely small time
step that causes the numerical process to be very slow. However,
S0 and hence δ increases during the process, permitting the time
step to be increased as the system evolves without loss of sta-
bility if the second condition given in Eq. (40) can be removed.
Otherwise, the second condition in Eq. (40) places a very severe
restriction on the time increment, τ , since δd remains constant
during the process. Therefore, in the present study, extremely
small initial value of δ is required to be used throughout the
whole process.

With the algorithm described above, it is clearly not possi-
ble to start at the instant of first solidification, since at S0 = 0,
all the nodes would coincide. Instead, we need to use an as-
ymptotic solution of the problem at small times to provide a
suitable initial condition for the numerical algorithm at finite
time. Fortunately, the limiting solution given in the next sec-
tion, which assumes that diffusivities of the solidified shell and
mold materials are both infinitely large, becomes progressively
more accurate at small times, since the temperature drop across
the solidified layer is small at the very beginning of the process.
We can therefore start the process with a small but finite thick-
ness, using the limiting solution given in the next section to
define the initial values for the temperature fields in the solidi-
fied shell and the mold.

6. Limiting solution

It can be demonstrated that the solution for ε1 → 0 and
ε2 → 0 is a limiting case of the present more general theory.
This simplification permits the solution to be obtained in closed
form and makes possible all the calculations to be performed
analytically. The results of limiting case are useful in the devel-
opment and checking of purely numerical solution of general
case, as well as in providing a start-up solution for the general
problem.

In physical terms, this simplifying assumption is equivalent
to the statement that the casting and the mold materials have
zero specific heat. In other words, the heat diffusivities of the
casting and the mold materials are infinitely large. It then fol-
lows that Eqs. (25) approximate Laplace’s equation and in view
of the condition, ∂s/∂x � 1, that the temperature profiles in
the solidified layer and in the mold are linear in y. In this case,
Eqs. (25) can easily be solved using the boundary conditions
(27)–(31) with the result

T̄ c
0 (Y,β) = 1 + Q̄0[Y − S0] (41)

T̄ d
0 (Y,β) = 1 + Q̄0

[
ζY − S0 − R

]
(42)

Substituting Eq. (41) into (28) and solving the ordinary dif-
ferential equation for S0(β) we obtain the amplitude of the
unperturbed solidification front as

S0(β) = Q̄0β (43)

The governing equation for the first order temperature field in
the solid phase and in the mold can be solved remaining bound-
ary conditions (32)–(36) with the result

T̄ c
1 (Y,β) = C1(β) sinh(Y ) + C2(β) cosh(Y ) (44)

T̄ d
1 (Y,β) = C3(β) sinh(Y ) + C4(β) cosh(Y ) (45)

where

C1(β) = 1

Δ

{
ζ Q̄1 cosh(S0) − S1Q̄0 sinh(H)

}
(46)

C2(β) = −S1

Δ

{
Q̄0ζ cosh(H) + Q̄0R sinh(H)

− ζ Q̄1 sinh(S0)
}

(47)

C3(β) = ζ

Δ

{
ζ Q̄1 cosh(S0) − S1Q̄0 sinh(H)

}
(48)

C4(β) = − ζ

Δ

{
S1Q̄0 cosh(H) + Q̄1 sinh(S0)

+ Q̄1R cosh(S0)
}

(49)

where

Δ = {
ζ cosh(H) + R sinh(H)

}
cosh(S0)

+ sinh(H) sinh(S0) (50)

Finally, using Eqs. (33), (41), and (44) we can obtain a differ-
ential equation
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S1(β) = cosh(S0)

Δ

{
ζ Q̄1 cosh(S0) − S1Q̄0 sinh(H)

}

− S1 sinh(S0)

Δ

{
Q̄0ζ cosh(H) + Q̄0R sinh(H)

− ζ Q̄1 sinh(S0)
}

(51)

for the amplitude of the perturbation in solidification front, with
solution

S1(β) = ζ Q̄1S0(β)

Q̄0Δ
(52)

Notice that when H goes to zero in the above equation, this
limiting solution approaches

S1(β) = Q̄1S0

Q̄0 cosh(S0)
(53)

which is equal to the limiting solution for zero Stefan number
given in Ref. [30] where the mold of zero thickness is assumed
to be thermally rigid.

7. Results and discussions

The accuracy and convergence of the finite difference algo-
rithm used in the present work are first validated with another
finite difference algorithm developed for an unperturbed solu-
tion of the problem where Q1 = 0, and excellent agreement
between these two solutions has been obtained. The numerical
algorithm has also been verified by comparing the computed re-
sults with the analytical limiting solution for the problem with
zero specific heats of the casting and the mold materials. The
analytical and the numerical solutions for small specific heats
are seen to agree with each other within reasonable accuracy as
shown in Fig. 2. Notice that the parameters ε1 and ε2 can be
considered as describing the effect of finite thermal diffusivi-
ties, or equivalently, of the specific heats of the casting and the

Fig. 2. Comparison of the numerical solutions to the analytical limiting so-
lutions (solid lines) for perturbed solidification front as a function of S0(β)

for ζ = 0.1 (dashed line), and ζ = 2 (dotted line). (R = 0.3, H = 10,
ε1 = ε2 = 0.01.)
mold materials, respectively. The evolution of the mean layer
thickness, S0(β) over an extended range of β for selected values
of ε1 is shown in Fig. 3. Note that increasing ε1, i.e., increas-
ing specific heat of the solidifying material, slows down the
progress of the mean shell thickness. In other words, the solidi-
fied material with lower specific heat causes faster growth of the
shell. Fig. 4 shows the effect of specific heat of the solidifying
material on the growth of the perturbation in the solidification
front for ε2 = 10, H = 10, R = 0.3, and ζ = 2. The results
confirm the hypothesis of Yigit et al. [23] that materials with
higher specific heat (or lower diffusivities) may be less prone
to the growth instability. The results show that the maximum
value of S1(β) occurs approximately S0(β) = 2 for all values of
ε1 considered here. Recalling that S0(β) = ms0(t) and that the
wavelength of the perturbation in the x-direction is 2π/m, we
conclude that the maximum perturbation in the wave front oc-

Fig. 3. Evolution of mean shell thickness as a function of dimensionless time,
β for selected values of ε1. (R = 0.3, H = 10, ζ = 2, ε2 = 10.)

Fig. 4. Perturbation in solidification front as a function of S0(β) for selected
values of ε1. (R = 0.3, H = 10, ζ = 2, ε2 = 10.)
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Fig. 5. Variation of maximum perturbation in solidification front with ε1 and
ε2. (R = 0.3, ζ = 2, H = 10.)

curs when the mean shell thickness s0(t) is approximately one
third the wavelength of the perturbation. A physical explana-
tion of this behavior is provided by the consideration that when
β > 3π , the thickness of the solidified layer is greater than the
wavelength of the perturbation, in which case variations in con-
ditions at the shell/mold boundary will have little influence on
those at the solidification front. The perturbation in solidifica-
tion front therefore begins to decay when β > 3π and later goes
to its steady-state value approaching zero.

Fig. 5 shows the variation of the maximum values of per-
turbed solidification front, S1(β)max, with specific heats of the
shell and the mold materials, ε1 and ε2, for 0.1 � ε1 � 20 and
0.1 � ε2 � 20. The remaining process parameters were fixed at
R = 0.3, H = 10, ζ = 2, and ε1 was fixed at 10 for the varia-
tion of S1(β)max with ε2, and ε2 was fixed at 10 for the variation
of S1(β)max with ε1. As it is seen, perturbation in solidification
front reaches a higher maximum for larger values of ε2. On the
other hand, however, perturbation in solidification front reaches
a higher maximum for smaller values of ε1. Hence, we can con-
clude that the effect of ε1 and ε2 on the growth of perturbation
in solidification front counteract each other.

Fig. 6 shows the variation of perturbed solidification front,
S1(β), with S0(β) for selected mold thicknesses, H . The re-
maining process parameters were fixed at R = 0.3, ε1 = ε2 =
10, and ζ = 2. The maximum of S1(β) increases rapidly as the
mold thickness is reduced implying that probability of occur-
rence of unstable growth with a thinner mold is higher than a
thicker one.

The data presented in previous figures was generated for a
single set of process parameters and hence it is not possible to
infer how the maximum of perturbed solidification front will
change as the individual process parameters vary for a given set
of process parameters. To explore the process parameters ef-
fect on S1(β)max Fig. 7 is reported. It examines the effect of
R and ζ on S1(β)max. It can be seen that these two parameters
Fig. 6. Perturbation in solidification front as a function of S0(β) for selected
values of H . (R = 0.3, ζ = 2, ε1 = ε2 = 10.)

Fig. 7. Variation of maximum perturbation in solidification front as a function
of dimensionless thermal contact resistance, R, and thermal conductivity ratio,
ζ , for H = 10, ε1 = ε2 = 10.

have counteracting effects on the maximum of the perturbed
solidification front. When R is varying ζ is fixed at 2. When
ζ is varying R is fixed at 0.3. The remaining process para-
meters were fixed at H = 10 and ε1 = ε2 = 10. Fig. 8 shows
the position of the solid-melt interface at various values of
the dimensionless time, β , at R = 0.1, H = 0.1, ζ = 10, ε1,
and ε2 = 100. As the solidification proceeds the shell thick-
ness nonuniformity increases. If solidification is interrupted,
periodic thickness nonuniformities at the freezing front will be
observed. If solidification is allowed to proceed, however, the
nonuniformities tend to die out as the freezing front morphol-
ogy becomes less dependent upon the mold–shell interface due
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Fig. 8. Growth of the solidified shell with a sinusoidal variation in the heat
flux at selected dimensionless time, β . (R = 0.3, H = 0.1, ζ = 10, ε1 = 1,
ε2 = 100.)

to the ever-thickening shell. It should be noted that this theoret-
ical result is supported by many experimental observations of
thermomechanical growth instability in casting processes [29].

Current work on this problem is focused on a fully coupled
version of the present problem that includes the effect of me-
chanical problems (i.e., stress fields in the solidified shell thick-
ness and the mold, and contact pressure variations in the mold–
shell interface). This requires that the thermoelastic stress fields
in the solidified shell thickness and the mold to be added into
the thermal fields presented in this work. The present theory
does not account for this important phenomenon and, hence,
predictions made about the growth instability here are clearly
restrictive. It is anticipated that the fully coupled version of the
present problem may provide conclusive demonstration of the
growth instability mechanism observed in many casting exper-
iments.

8. Conclusions

The heat conduction part of the solidification problem
has been investigated in which one dimensional solidification
process occurs on a plane mold of finite thickness. In particu-
lar, numerical solutions have been obtained for the advance of
the solid/melt boundary. The effect of specific heats of the so-
lidified shell and the mold materials was also investigated. It
was demonstrated that the solidified shell material with higher
specific heat might result in slower growth of perturbation
in solidification front, whereas the mold material with higher
specific heat may cause faster growth of the shell thickness per-
turbation. The effects of remaining process parameters such as
mold thickness, thermal contact resistance at the mold–shell in-
terface, and thermal conductivity ratio between the solidified
shell and the mold have also been studied in detail.

We have also briefly discussed the limiting solution for ε1 =
ε2 = 0, in which the zeroth order temperature profiles in the
solid and in the mold are linear in y. This simplification permits
the problem to be solved analytically.
The present model developed in this paper is currently being
extended to incorporate the thermal stress fields which are cou-
pled with the temperature fields along the mold–shell interface
through a pressure-dependent thermal contact resistance. In this
case, changes in the local mold–shell interface pressure will be
reflected in the local casting thickness, which is not captured in
the physics of the present model. In particular, the coupling of
interface pressure and interface heat flux is being developed in
order to study the impact of selected process parameters such as
thermal capacities of the shell and mold materials, mold thick-
ness, conductivity ratios between the shell and mold materials,
and the wavelength of the applied heat flux on the morphology
of the solid–liquid interface. The present model is also being
extended to study the impact of engineered mold surface tex-
tures since it is believed that the mold surface topography has
a great influence on the cast surface quality, microstructure,
and thickness uniformity. It is also believed that air gap for-
mations and their locations at the solid–mold interface have a
significant effect on the growth instability. The present work
is also being developed to investigate gap nucleation process
and to determine optimum mold surface wavelength or range of
wavelengths which correspond to the highest growth rate and
dominate the behavior of the growth instability. The results will
be reported in forthcoming articles.
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